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Abstract
Supergravity in 2+1 dimensions has a set of first class constraints that result in two Bosonic
and one Fermionic gauge invariances. When one uses Faddeev-Popov quantization, these gauge
invariances result in four Fermionic scalar ghosts and two Bosonic Majorana spinor ghosts. The
BRST invariance of the effective Lagrangian is found. As an example of a radiative correction,
we compute the phase of the one-loop effective action in the presence of a background spin
connection, and show that it vanishes. This indicates that unlike a spinor coupled to a gauge
field in 2+1 dimensions, there is no dynamical generation of a topological mass in this model.
An additional example of how a BRST invariant effective action can arise in a gauge theory
is provided in an appendix where the BRST effective action for the classical Palatini action in
1 + 1 dimensions is examined.
The first-order action for supergravity in 2 + 1 dimensions is [1]
Lc1 = ǫµνλ
(
biµRνλi(w) + ψµDνψλ
)
. (1)
It can be shown that the first class constraints present in this model lead to the following gauge
invariances [2]
δbiµ = −
[
DijµAj −
1
2
ǫijkbµjBk +
i
4
Cγiψµ
]
(2a)
δwiµ = −
1
2
DijµBj (2b)
δψµ = −
1
2
(
DµC −
i
2
B · γψµ
)
. (2c)
1
(In eqs. (1,2), biµ, w
i
µ, Ai, Bi are not Grassman (BE) and ψµ, C are Majorana-Grassmann (FD)
spinors.)
If we use the gauge fixing conditions
∂µbiµ = ∂
µwiµ = ∂
µψµ = 0 (3a-c)
in order to eliminate the redundant fields occurring because of the gauge invariances of eq. (2),
then the gauge fixing Lagrangian is
Lgf = αb
2
N ibNbi +
αω
2
N iwNwi +
αψ
2
NψNψ −N ib∂µbµi −N iw∂µwµi −Nψ∂µψµ (4)
where N ib and N
i
w are BE while Nψ is a FD Majorana spinor. The Faddeev-Popov (FP) quantization
procedure leads to the ghost action
LFP = ei∂µ
(
−Dijµ cj +
1
2
ǫipjbµp +
1
4
ψµγ
iζ
)
+ fi∂
µ
(
−1
2
Dijµ dj
)
+ ξ∂µ
(
i
4
γjψµdj − 1
2
Dµζ
)
(5)
where ci, ei, di, fi are FD while ζ, ξ are Majorana BE spinors.
The effective action Sc1 + Sgf + SFP possesses the global Becci-Rouet-Stora-Tyutin (BRST)
invariance [3, 4, 5]
δbiN =
(
−Dijµ cj +
1
2
ǫipjbµpdj +
i
4
ψµγiζ
)
η (6a)
δwiµ = −
1
2
Dijµ djη (6b)
δψµ =
(
i
4
γjψµd
j − 1
2
Dµζ
)
η (6c)
δei = −ηN ib (7a)
δf i = −ηN iw (7b)
δξ = −ηNψ (7c)
δci =
1
2
ǫijkc
jdkη − i
16
ζγiζη (8a)
δdi =
1
4
ǫijkd
jdkη (8b)
δζ =
i
4
γid
iζη
(
δζ =
−i
4
ζγid
iη
)
(8c)
where η is a FD constant scalar. If the variation of a field Φ is of the form δη where δ is a right
variation, then δ2 = 0. For example, we have
δ2ci = δ
[
1
2
ǫijkc
jdk − i
16
ζγiζ
]
(9)
=
1
2
ǫijkc
j
(
1
4
ǫkℓmdℓdm
)
− 1
2
ǫijk
(1
2
ǫjℓmcℓdm
− i
16
ζγjζ
)
dk − i
16
[
ζγi
(
i
4
γjdj
)
ζ
+
(
− i
4
ζγjd
j
)
γiζ
]
= 0.
Consequently, the BRST transformation is idempotent.
We will now consider radiative corrections in this model. Of particular interest if the phase
associated with the one loop effective action associated with the field wiµ having a background
contribution Ωiµ. (We are replacing w
i
µ by Ω
i
µ + σ
i
µ where σ
i
µ is a quantum fluctuation.) The gauge
invariances of eq. (2) in the background field Ωiµ can be preserved if the gauge fixing of eq. (3) gets
replaced by [6, 7]
Dijµ (Ω)bµj = Dijµ (Ω)σµj = Dµ(Ω)ψµ = 0 (10a-c)
where
Dijµ (Ω) ≡ ∂µηij − ǫipjΩµp (11a)
Dµ(Ω) ≡ ∂µ +
i
2
γjΩµj . (11b)
The ghost action of eq. (5) now is replaced by
LFP = eiDµij(Ω)
[
−Dµjk(Ω + σ)ck + 1
2
ǫjpkb
p
µ +
1
4
ψµγjζ
]
(12)
+ fiDµij(Ω)
[
−1
2
Dµjk(Ω + σ)dk
]
+ ξDµ(Ω)
[
i
4
γjψµdj −
1
2
Dµ(Ω + σ)ζ
]
as the gauge transformation in which the background field Ωµi is unaltered is broken.
The terms in Lc1 + Lgf in the gauge in which αb = αw = αψ = 0 that are bilinear in the fields
ΦT =
(
biµ, w
i
µ, ψµ, N
i
b , N
i
w, Nψ
)T
and Φ =
(
biµ, w
i
µ, ψµ, N
i
b , N
i
w, Nψ
)
are of the form
ΦHκΦ (13)
where
H =


0 Dijλ ǫµλν 0 Dijµ 0 0
Dijλ ǫµλν 0 0 0 Dijµ 0
0 0 Dλǫ
µλν 0 0 Dµ
−Dijν 0 0 0 0 0
0 −Dijν 0 0 0 0
0 0 −Dν 0 0 0


(14)
where the derivatives appearing in eq. (14) are those of eq. (11).
One-loop effects in this model are given by detH , but we must deal with det1/2H2. However, if
H has negative eigenvalues, one must separately compute the phase Θ of detH . This is determined
by [8-11]
Θ = −π
2
lim
s→0
η(s) (15)
where η(s) = ηλ=1(s) with
dηλ(s)
dλ
= − s
Γ
(
s+1
2
) ∫ ∞
0
dt t
s−1
2 str
[
dHλ
dλ
e−H
2
λ
t
]
. (16)
In eq. (16), Hλ is obtained from H by rescaling each of the external fields by a factor of λ [16]. It
follows from eq. (14) that
H =


−ηµνD2ij − ǫijpRµνp 0 0
0 −ηµνD2ij − ǫijpRµνp 0
0 0 −ηµνD2 − i2γ · Rµν
0 −1
2
ǫλσνǫ
ijpRλσp 0
−1
2
ǫλσνǫ
ijpRλσp 0 0
0 0 −1
2
ǫλσν
(
i
2
γ · Rλσ)
0 1
2
ǫµλσǫ
ijpRλσp 0
1
2
ǫµλσǫ
ijpRλσp 0 0
0 0 1
2
ǫµλσ
(
i
2
γ · Rλσ)
−D2ij 0 0
0 −D2ij 0
0 0 −D2


(17)
Since to compute Θ in eq. (15) we only need η(s) with s = 0, it follows that in eq. (15) the
only contribution that is needed in the integrand in the integral over t is the piece that results
in a pole at s = 0. We now follow the approach to compution Θ used in ref. [11]. If e−H
2
λ
t is
expanded in powers of t, then this entails using terms that behave as t0 or t1. Since H2λ is of the
form (p + V )2 + φ(p ≡ −i∂), it follows [8] that the term linear in t is the Seeley-Gilkey coefficient
a1 = −φ and so what is needed in str
(
dHλ
dλ
e−H
2
λ
t
)
is the contribution that is linear in t, which is
str


0 −ǫipjǫµλνΩλp 0 −ǫipjΩµp 0 0
−ǫipjǫµλνΩλp 0 0 0 −ǫipjΩµp 0
0 0 i
2
γ · Ωλǫµλν 0 0 i2γ · Ωµ
ǫipjΩνp 0 0 0 0 0
0 ǫipjΩνp 0 0 0 0
0 0 − i
2
γ · Ων 0 0 0


×


−λǫijpRµνp 0 0 0 12λǫµλσǫijpRλσp 0
0 −λǫijpRµνp 0 12λǫµλσǫijpRλσp 0 0
0 0 − iλ
2
γ · Rµν 0 0 λ2 ǫλσν
(
i
2
γ · Rλσ)
0 −1
2
λǫλσνǫ
ijpRλσp 0 0 0 0
−1
2
λǫλσνǫ
ijpRλσp 0 0 0 0 0
0 0 −λ
2
ǫλσν
(
i
2
γ ·Rλσ) 0 0 0


= −tr
[(
i
2
γ · Ωλǫµλν
)(
− i
2
λγ · Rµν
)
+
(
i
2
γ · Ων
)(
−λ
2
ǫλσν
)(
i
2
γ · Rλσ
)
(18)
+
(
− i
2
γ · Ων
)(
λ
2
ǫλσν
)(
i
2
γ · Rλσ
)]
= 0.
This shows that the phase of the one-loop effective action vanishes non-trivially. This is unlike
what happens when a gauge field couples to spinor in 2 + 1 dimensions; in this case the phase of
the one-loop effective action contributes a Chern-Simons term which means that the gauge field
develops a topological mass and that the gauge coupling is quantized [11]. Other radiative effects
in the model of eq. (1) can be computed using operator regularization [11, 12]. This technique is
especially useful as when using it, the initial action is unaltered, thereby leaving the symmetries of
eqs. (2, 6, 7, 8) intact.
Acknowledgements
F.T. Brandt and T.N. Sherry had many helpful suggestions. R. Macleod made had a useful com-
ment.
References
[1] P.S. Howe and R.W. Tucker, J. Math. Phys. 19, 809 (1978).
A. Achucarro and P.K. Townsend, Phys. Lett. B180, 89 (1986).
H.J. Matschull and H. Nicolai, Nucl. Phys. B411, 609 (1994).
[2] D.G.C. McKeon, Can. J. Phys. 92, 145 (2014).
[3] C. Becchi, A. Rouet and R. Store, Ann. of Phys. 98, 287 (1976).
[4] I.V. Tyutin, arxiv 0812.0580.
[5] P. van Nieuwenhuizen, Phys. Rep. 68, 189 (1981).
[6] L.F. Abbott, Nucl. Phys. 185, 189 (1981).
[7] L.F. Abbott, Acta Physica Polon. B13, 33 (1982).
[8] P.B. Gilkey, “Invariance Theory, the Heat Equation and the Atiyah-Singer Index Theorem”
Publish or Perish, Wilmington, DE 1984.
[9] E. Witten, Commun. Math. Phys. 121, 351 (19891).
[10] D. Birmingham, H.T. Cho, R. Kantowski and M. Rakowski, Phys. Rev. D42, 3476 (1990).
[11] D.G.C. McKeon and T.N. Sherry, Ann. of Phys. 218, 325 (1992).
[12] D.G.C. McKeon and T.N. Sherry, Phys. Rev. D35, 3854 (1987).
[13] N. Kiriushcheva, S.V. Kuzmin and D.G.C. McKeon, Mod. Phys. Lett. A20, 1895 (2005); Int.
J. Mod. Phys. A21, 3401 (2006).
[14] D.G.C. McKeon, Cl. and Q. Grav. 23, 3037 (2006).
[15] D.G.C. McKeon, Can. J. Phys. 93, 1294 (2015).
[16] D. Birmingham, R. Kantowski and M. Rakowski, Phys. Lett. B251, 121 (1990).
Appendix I - Notation
We use the flat space metric
ηij = diag(+,−,−) (A.1)
with the anti-symmetric tensor
ǫ012 = +1 = ǫ012. (A.2)
The Dirac matrices are
γ0 = σ2, γ
i = iσ3, γ
2 = iσ1 (A.3)
so that
γiγj = ηij + iǫijkγk. (A.4)
The Majorana condition is ψ = ψC where
ψC = Cψ
T
(A.5)
with
ψ = ψ†γ0 (A.6)
and C = −γ0 = C−1 so that
CγiC−1 = −γiT = γi†. (A.7)
With our conventions, if ψ = ψC then ψ = ψ
∗. If φ and χ are Grassmann spinors then
χφ = φχ, χγiφ = −φγiχ, χγiγjφ = φγjγiχ. (A.8a-c)
The signs in eq. (A.8) are reversed if either or both χ and φ are not Grassmann.
We also have defined
Riµν = ∂µw
i
ν − ∂νwiµ − ǫijkwµjwνk (A.9a)
Dµ = ∂µ +
i
2
γiwµi
(
[Dµ, Dν ] =
i
2
γiRµνi
)
(A.9b)
Dijµ = ∂µ − ǫipjwµp
(
[Dµ,Dν ]ij = ǫijkRµνk
)
(A.9c)
Appendix II - The First Order Einstein-Hilbert Action in
1 + 1 Dimensions
In this paper we have demonstrated how a BRST effective action can be derived for a theory with
an unusual gauge invariance by considering supergravity in 2 + 1 dimensions. In this appendix we
further illustrate this by deriving the effective action for the first order Einstein-Hilbert (Palatini)
action in 1 + 1 dimensions. This theory is manifestly invariant under a diffeormorphism transfor-
mation, but it is not this gauge transformation that follows from the first class constraints in the
theory [13].
If in the Einstein-Hilbert action
Sc1 =
∫
ddx
√−g gµνRµν(Γ) (B.1)
we set
hµν =
√−g gµν (B.2a)
Gλµν = Γ
λ
µν −
1
2
(
δλµΓ
σ
νσ + δ
λ
νΓ
σ
µσ
)
(B.2b)
then
Sc1 =
∫
ddxhµν
(
Gλµν,λ +
1
d− 1G
λ
λµG
σ
σν −GλσµGσλν
)
. (B.3)
When d = 2, the first class constraints show that in addition to diffeomorphism invariance, the
action of eq. (B.3) has the local gauge invariance [13]
δhµν =
(
ǫµλhσν + ǫνλhσµ
)
θλσ (B.4a)
δGλµν = −ǫλρθµν,ρ − ǫρσ
(
Gλµρθσν +G
λ
νρθσµ
)
(B.4b)
where ǫ01 = 1 = −ǫ01 = −ǫ10 and θµν = θνµ.
It is not clear how to extend the gauge invariance of eq. (B.4) to d > 2 or if it is possible to
couple matter fields to hµν , Gλµν so that these symmetries are maintained.
The gauge fixing condition [14]
ǫλσG
λ,σ
µν = 0 (B.5)
results in the gauge fixing Lagrangian
Lgf = α
2
NµνN
µν −NµνǫλσGλ,σµν (B.6)
as well the Faddeev-Popov ghost action
Lgh = −ζαβǫµν
[−ǫµρζαβ,ρ − ǫρσ (Gµαρζσβ +Gµβρζσα)],ν (B.7)
where ζµν , ζ
µν
are a pair of symmetric tensor Grassmann fields. The effective action Sc1+Sgf +Sgh
has the unusual global BRST gauge invariance
δhµν = (ǫµλhσν + ǫνλhσµ)ζλση (B.8a)
δGλµν = −ǫλρζµν,ρη − ǫρσ
(
Gλµρζσν +G
λ
νρζσµ
)
η (B.8b)
δζ
αβ
= Nαβη
δζαβ =
1
2
ǫµν (ζµαζνβ + ζναζµβ) η (B.8c)
where η is a constant Grassmann scalar.
Radiative corrections arising in this model have been discussed in ref. [14].
We note that if the Hamiltonian approach the finding a BRST invariant action, the resulting
effective action itself possesses a gauge invariance [15].
